The elliptic wing based on the potential theory by Krienes, Klaus
- 
TECHNICAL MEMORANDUMS 
BA2IUlU’dL ADVISORY COXMITTEE FGB AEBOXAUTXCS 
?To. 971 
THE ELLIPTIC W I N G  BASLD ON THE P O T E N T I A L  THEORY 
By K l a u s  Krienes 
Z e i t s c h r i f t  fiir angewandte M a t h e m a t i k  und M e c h a n i k  
Vol 20, No. 2, A p r i l  1940 
W a s h i n g t o n  
iNarch 1 9 4 1  
https://ntrs.nasa.gov/search.jsp?R=19930094445 2020-06-17T00:38:10+00:00Z
N O T I C E  
T H I S  DOCUMENT HAS BEEN R E P R O D U C E D  F R O M  
THE BEST COPY F U R N I S H E D  US BY T H E  S P O N S O R I N G  
A G E N C Y .  ALTHOUGH IT IS R E C O G N I Z E D  THAT C E R -  
T A I N  PORTlONS A R E  ILLEGIBLE, IT IS BEING R E -  
LEASED IN THE I N T E R E S T  OF M A K I N G  A V A I L A B L E  
A S  M U C H  I N F O R M A T I O N  A S  POSSIBLE. 
I 
I 
WATIOHAL AD’tTISOXY COMMITTEE FOR ‘BEBONAUTICS 
TECHBICAL MEMOBANDUM NO. 971 
TEE ELLIPTIC WIXG BASED ON THE P O T E Q T I A L  THEORY* 
By K l a u s  Kr i enes  
SUMNARY 
. 
I ’  . 
The p r e s e n t  r e p o r t  d e a l s  w i t h  t h e  e l l i p t i c a l  wing i n  
s t r a i g h t  ani! a n g u l a r  f l o w  on t h e  b a s i s  cf t h e  p o t e n t i a l  
t h e o r y .  Conformebly t o  t h e  t h e o r y  of f i r s t  a p p r o x i a a t i o n  
upon which t h e  c a l c u l a t i o n  r e s t s ,  t h e  known r e q u i r e m e n t s  
r e g a r d i n g  t k e  s h a p e  of t h e  s u r f a c e  azcl i t s  a n g l e  of a t t a c k  
must  be n e t .  A f u r t h e r  c o n d i t i o n  i s  t h a t  t h e  s l o p e  o f  t h e  
s c r f a c e  toward  t h e  s t r e a m l i n e s  must be a c o n t i n u o u s l y  & i f -  
f e r e n t i a b l e  f u n c t i o n  of t h e  p o i n t s  o f  t h e  s u r f a c e .  If 
t h i s  i s  n o t  t h e  c a s e ,  i n  a g i v e n  example ( f o r  i a s t a n c e ,  
by a i l e r o n  d e f l e c t i o n  o r  wing d i h e d r a l  - t h e  l a t t e r  ‘Pein2 
o f  importa; lce  i n  s i d e s l i p s ) ,  t h e  d i s c o n t i n u i t i e s  must be  
r e p l a c e d  by s u i t a b l e  round ing  off. I n  g e n e r a l ,  t h e  c a l -  
c u l a t i o n  of a g i v e n  e l l i p t i c  s u r f a c e  r e q u i r e s  a s e r i e s  o f  
i n f i n i t e l y  many p o t e n t i a l  f u n c t i o n s ,  t h e  c o e f f i c i e n t s  o f  
which  e r e  a f f o r d e d  from l i z e a r  i n f i n i t e  s y s t e m s  o f  equa- 
t i o n s .  The e x p a a s i o n  i s  s t o p 9 e d  w i t h  a c e r t a i n  term, de- 
p e n d i n g  uTon t h e  d e g r e e  of a c c u r a c y  des i re !? .  I t s  e f f e c t  
o n  t h e  i n t e g r a l  q u a n t i t i e s ,  l i f t  and l i f t  moment, is p r a c -  
t i c a l l y  n e g l i g i b l e .  A n  i nmed ia t e  p r e d i c t i o n  of  t h e  i n -  
duced  d r a g  i s  r u l e d  o u t ,  s i n c e  i t  would i n v o l v e  a l l  t h e  
c o e f f i c i e n t s  of t h e  i n f i n i t e  n u r b e r  of g o t e n t i a l  f u n c t i o n s ,  
O t h e r v i S e ,  t k e  l i f t  d S s t r i 3 u t i o n  a t  t h e  wing t i p s  d o e s  n o t  
a p 2 r o a c h  z e r o  o r  t h e  doT.qil-ctash becones  i n f i n i t e ,  which i s  
due  t o  t h e  f a c t  t h a t  t h e  l o a d  d i s t r i b u t i o n  o f  t h e  l i f t i n g  
l i n e  i s  d e v e l o p e d  h e r e  by s p h e r i c a l  f u n c t i o n s  ( e q u a t i o n  
( 8 0 ) )  whfch d o  n o t  a p p r o a c h  z e r o  a t  t h e  wing  t i p s  as d o  
t h e  t r i g o n o m e t r i c  f u n c t i o n s  employed e l s e w h e r e .  O n  t h e  
wing  i n  s i d e s l i p ,  which c a n  be summaril j-  r e 2 l a c e d  b y  a 
l i f t i n g  l i n e ,  t h e  s o - c a l l e d  p a r a s i t e  d r a g  ( r e f e r e n c e  2) 
liF = - 
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w o u l d  have  t o  be  d e f i n e d  f i r s t  and t h e . s u c t i o n  f o r c e  on 
t h e  l e a d i n g  edge  s u b t r a c t e d  t h e r e f r o m ,  w h e r e ,  however ,  
e x t r a p o l a t i o n s  arc? recommended b e c a u s e  of t h e  f i n i t e  num- 
b e r  of computed c o e f f i c i e n t s .  Even t h e  r e s u l t i n g  p r e s -  
sure d i s t r i b u t i o n  i s  o n l y  c o n d i t i o n a l l y  v a l i d  by few ex- 
pnns io i l  t e r m s ,  e s g e c i a l l y  n e a r  t h e  wing t i p s .  
I t  m z y  be  men t ioned  t h a t  t h e  computed p o t e n t i a l  and  
30r:lnwash f u a c t i o n s  change o n  t r a n s i t i o n  t o  K 2  + 0 
i n t o  S i n n e r ' s  f u n c t i o n s  f o r  t h e  c i r c u l a r  wing.  
A l a r g e  p o r t i o n  of t h e  c o m p u t a t i o n s  were  made on t h e  
c a l c u l a t i n g  m a c h i n e ,  t h e  a c c u r a c y  of t h e  s l i d e  r u l e  b e i n g  
i n s u f f i c i e n t  i n  t h e  c a l c u l a t i o n  of t h e  e l l i p t i c  i n t e g r a l  
f o r  h i g h e r  n.  
IkJTRODUCT ION 
This  a r t i c l e  i s  intended.  a s  a c o n t r i b u t i o n  t o  t h e  
t h e o r y  of t h e  l i f t i n g  s u r f a c e .  The ae rodynamics  of t h e  
e l l i p t i c  wing i n  s t r a i g h t  and o b l i q u e  f l o w  a r e  e x p l o r e d  
o n  t h e  b a s i s  of t h e  p o t e n t i a l  t h e o r y .  The f o u n d a t i o n  of 
t h e  c a l c u l a t i o n  i s  t h e  l i n e a r i z e 2  t h e o r y  o f  t h e  a c c e l e r -  
a t i o n  p o t e i i t i a l  ( r e f e r e n c e s  1 a n d  2) i n  which  a l l  small 
q u a n t i t i e s  o f  h i g h e r  o r d e r  a r e  d i s r e g a r d e d .  Th i s  a f f o r d s  
t he  f o 1 1 ow i n  g s i rnpl i f i c a t i on s : 
1. The z c o o r d i n a t e  of e v e r r  wing p o i n t  i s  n e g l e c t e d ,  
i . e . ,  t h e  v a r i a t i o n  of t h e  p o t e n t i a l  f u n c t i o n  
c o r r e s p o n d i s g  t o  t h e  p r e s s u r e  pump on t h e  sur- 
f a c e  i s  s i t u a t e d  on t h e  b a s e  e l l i p s o i d  ( f i g .  1). 
2 .  Tile s t r e s m l i n e s ,  a l o n g  which t h e  c o n v e c t i v e  i n t e -  
g r a t i o n  o f  t h e  a c c e l e r a t i o n  i s  e f f e c t e d ,  a r e  
s t r a i g h t  l i n e s  p a r a l l e l  t o  t h e  d i r e c t i o n  o f  t h e  
s t r e a m .  
I n  the c a s e  of t h e  e l l i p t i c  b o u n d a r y ,  s o l u t i o n s  o f  
L a p l a c e ' s  d i f f e r e n t i a l  e q u a t i o n  A + =  0 ,  as p r o d u c t s  o f  
Larngls  f u u c t i o i i ,  a r e  known. 
The a c c e l e r a t i o n  p o t e n t i a l  and  L a m g t s  f u n c t i o n s . -  
S u p ; ~ o s e  that t h e  e l l i p t i : :  wing  i s  i n  a s t a t i o n a r y  p a r a l l e l  
f l ow w i t h  t h e  v e l o c i t y  V. The f l u i d  i s  hokogeneous ,  i n -  
c o m p r e s s i 3 l e ,  f r i c t - i o n l e s s ;  knd'not s u b j e c t e d  t p  g r a v i t y  
E n 3  n o n - v o r t i c a l  o u t s i d e  t h e  l i f t i n g  s u r f a c e  and t h e  shed-  
d i n g  v o r t e x  b a n d .  Then:  
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Tke p r e s s u r e  p i s  e x p r e s s e d  by t h e  p o t e n t i a l  func -  
t i o n  Q 
w h e r e  pOs i s  the s t a t i c  p r e s s u r e  a t  i n f i n i t y .  F u n c t i o n  
$ s a t l i s f i e s  L a p l a c e ’ s  O i f f e r e n t i a l  e q u a t i o n  
and. may be v i s u a i i z e d  as b e i n g  the r e s u l t  o f  a s u p e r p o -  
s i t i o a  o f  s o a r c e s  and s ~ n k s  of i n t e n s i t y  ~ ( x ~ ,  y p r  zF) 
o n  e v e r y  p o i n t  o f  the surface. 
where  n d e n o t e s  t h e  d i r e c t i o n  o f  t h e  n o r n a l s  o f  t h e  sur- 
face in ,(xF,y;;,.zF! ar,d 
e 
- 1  
t h e  distaice o f  t h e  s t a r t i n g  p o i n t  ( x . 7 , ~ )  f r o m  ( X z ,  
yF,z ) .  
t h e  s u r f a c e  of t h e  g o n a d  e l l i p s e .  
The i n t e g r a l  c a n  b e  exchange2 f o r  one t a k e n  o v e r  
F 
m i h e  m a t h e m a t i c s 1  t r e a t m e n t  o f  t h e  p r e s e n t  case be -  
comes p o s s i b l e  by t h e  i n t r o d u c t i o n  o f  e l l i p s o i d a l - h y p e r -  
b o l o i d a l  c o o r d i n a t e s  ( r e f e r e n c e  3 ) .  The serni-axes o f  t h e  
b a s e  e l l i p s o i d  b e i n g  c i n  d i r e c t i o n  y and  c J m  
i n  t h e  d i r e c t i o n  o f  x ( s o  t h a t  2 ~ c  S e c o a e s  t h e  c? is ta_?ce  
o f  t h e  aerodynamic  c e n t e r s  on a x i s  y) t h e  new s ~ s t e m  o f  
c o o r d i n a t e s  i s :  
..- 
+L -t z 2  = c2  2 X2 
P2 p2 - 1 2 p 2  - K 
-L X” +e- 22 = c 2  
2 
V 2  1 - v  2 2 K - v  
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The surfaces p ,  p ,  and 13 = c o n s t . ,  r e s p e c t i v e l y ,  
a r e  co::focal s u r f a c e s  of t h e  second  d e g r e e ;  p = 1 y i e l d s  
t h e  e l l i p t i c  b a s e  s u r f a c e ,  = 1 t h e  p l a n e  z = 0 o u t -  
s i d e  o f  the  e l l i p t i c  d i s k .  The s u r f a c e  e l s m e n t  o f  t h e  
br,se e l l i p s o i d  i s  
2 2 
d w  d v  k - v  d x d y =  c 2 -  
;pz - 
b e a i i e a  which 
i s  v a l i d  f o r  p = 1. 
X e  i n t r o d u c t i o n  o f  new c o o r d i n a t e s  u, v ,  w 
Y ( w )  = Y 2  - $(l +K2) ( 9 )  
f o r  p, p , u  133 nearis o f  i i e i e r s t r a s s '  Y f u n c t i o n  ( r e f -  
e r e n c e  4 ) ,  a p p e a r i n g  in e q u a t i o n  (10) 
(10) GU = 2 + J ( v ( u >  - e i ) ( v ( u i  - e2! (y (u>  - e,) 
d u  
i . e . ,  
1 
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and  Lapls .ce  Is e q u a t i o n  r e a d s  
P o s t i n g  t h e  s o l u t i o n  i n  t h e  Term 
g i v e s ,  f o r  e a c h  o f  t h e  t k r e e  f u n c t i o n s  3 ,  L a p l a c e ' s  d i f f e r -  
e c t i a l  e q u a t i o n  
* 
d 2 2 ( u )  
d u  
= [A + B Y ( u )  J E ( u )  2 (15) 
w i t h  t h e  s e p a r a t i o n  c o n s t a n t s  A and  B. h f t e r  posting 
a B 3 = n(n + 1) and v, = - -I-- 
1 + K 2  3 
a n d , a g a i n  i n t r o C u c i n g  p ,  v, p by m e m s  o f  e q u a t i o n  (91, 
L a m e ' s  d i f f e r e n t i a l  e q u a t i o n  ( r e f e r e n c e  3, V O ~ .  1, ; P O  359) 
r e a d s  
For a = n ( n , +  1) there a r e  p r e c i s e l y  t w o  2n + 1 
values Vm, f o r  which Enm(p) has t h e  form ( r e f e r e n c e  3 ,  p.360) 
+ . . . I ;  J-T-qJY-Tq ,, E 3 ( a  pn-C1--E2-C 5 + a 2 p  n-c 1 - E  2 -E 3 -2 0 Enrn(j&) = 1-b r-- 
6 .l?ACA ' T e c h n i c a l  Memorandum No. 9 7 1  
I -  
o,m(b) = a0~n-E1-E2-% + ... 
of  deg ree  n - E l  - -cE. The v a l u e s  vm a r e  d i s s i m i -  
lar s o l u t i o n s  o f  a n  a1 e b r a i c  e q u a t i o n ,  r e s u l t i n g  from 
t i e  c o n d i t i o n  that  On'(,) i s  a p o l y n o m i a l .  With a v iew 
t o  c a l c u l a t i o n s  l a t e r  03, Enm(U) i s  d e f i n e d  as f o l l o w s :  
i s  a n  even  p o l y n o m i a l  i n  1 
The s o l u t i o n  
a c h i e v e d  w i t h  e q u a t i o n  (13) c2n  a l s o  b e  r e p r e s e n t e d  i n  
d i f f e r e n t  f o r a  ( r e f e r e n c e  5 ) .  F o r ,  on d e n o t i n g  t h e  z e r o  
. p l a c e s  o f  t h ?  p o l y n o m i a l  On"(b) w i t h  p s  , i t  i s  r e a d i l y  
s e e n  f r o m  e q u s t i o n s  ( 5 )  a n d  ( 6 )  t h a t  
2 2  c- y2  + r X X Y  / x2 - c o n s t  <\ly y z  xyzi iI . 
C n  2 zx J p s 2 t p s ' -  K~ p s 2  p s 2 '  1 
One o f  t h e  f a c t o r s  c o n t a i n e d  i n  t h e  p a r e n t h e s e s  
i s  s e l e c t e d  a n d  the p r o d u c t  
p l a c e s  b e o n g i n g  t o  0, (PI. The z e r o  p l a c e s  ps 
also be d e t e r m i n e d  d i r e c t  by ap ;? ly ing  L a p l a c e  Is o p e r a t o r  
- 3" a2 a2 + - + - 
ax2 0x2 
1% i s  forme6 o v e r  a l l  z e r o  
c a n  2 
P S  El 
t o  t h e  r i g h t  s i d e  of  e g u a t i o n  (19) a n d  
making t h e  r e s u l t  e q u a l  z e r o .  The s y s t e m  o f  e q u a t i o n s  f o r  
. p s 2  is t h e n  E S  f o l l o w s :  
,. 
(20) 
3 ' 2  3% 3'1 4 s =  1,2, ... 3 
2 = o  
m =  n -  E l -  € 3 '  €3 
+- + 
2 2 
ps2-  K2 Ps 
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The potential functions in the respective f o r m  of 
(18) and (19) are so-called Itinnertt solutions of the po- 
tential eqxation, not suitable for o u r  purposes, since we 
require potential €unctions which ordinarily disappear at 
infinity. These are secured by taking the Land’function 
of the sec0r.d type in the variable p. This is the sofu- 
tion of L a m e ’ l s ,  equaticr, (15a), which, f o r  p + as 
cor-st 
p n +  1 -0. It has the form 
m 
? 
? h e  integral can alwags be reduced to elliptic in- 
tegrals of the first an2 second categories only. The 
aspect o f  the outer solution of the potential equation 
is tiien as f o l l o w s :  
and equation (19) yields 
From the represeatation o f  the potential function by 
(4a) as source-sink superposition OD the elliptic disk, it 
is e.sps.rei1t that the potential functions i n  the plane 
z = 0 in the outside z o n e  o f  the disk must be zero. Hence 
*hrn containing factor z must be taken accorciing’to (23) 
i.e., only such Lame’ functions as are of the form (cf. ( 6 )  
and  (16)): 
(24) 
Larnh’s fuactiocs hare orthogonality characteristics 
sinilar t o  those of the spherical functions (reference 3, 
v01. I, pp. 369 and 3 7 9 ) :  
a KACA .Technical Memorandum No. 971 
,~ , .a . 
, . - , . . . . , .  
r,i - L P  1. co~nection with equation (4a) is established by 
havilig recouvse 5 0  the folloxing reFresentation of 
1 - (3 =,Jx - x F ) 2  + ( y  - y7;2 + (z - *  2 , 1 2 1  B 
p .  2-72]: 
(reference 3, v. 1.1, 
wheiice 
(27) . 
leaving the summation over 3 i m ( p )  in the form (24)  to 
be effected. Then by assuming that the source-sink distri- 
bution 011 the elliptic disk approaches z e r o  on the edge with 
D(XF,YT? can be developed confor3ably t o  proaucts of 3ame"s 
function o f  the type ( 2 4 ) :  
the r o o t  from the eige distance, i.e., with Jl-li.p 2 , 
m 
(28) . 
after which the fopmulation of the integral (4a) gives, 
based on the orthogonality o f  L a m e ' s  products (cf. (26)), 
L 
G A C d  Technical Memorandum Bo. 971 9 
I .  
8 
Zquatioa (29) proves the potential function (4a) to 
be a certain 1inaa.r combination of t h e  functions V, . m  ,
Which ZZE&lyZer? next. 
Bepresentation of the potential lunction qnm as a 
definite intepra1.- If 
(e, d e f i n e &  b? equation (11)) or 
into account 
r 
Jv(t) - e2 x+ x =  
GG 
it can be shown that 
?T2 
(30) 
if ( 6 )  and (9) are taken 
I I 
if 3 l o o p  about the goints of the complex t plane c o r -  
responeing to X = kl is taken as integration p a t h  from 
rrl toward n2. Q,(X) satisfies Legendre's differential 
e aua t ion 
and znm(t) complies with Lan6's  differential equation 
(15). Then 
10 ..:ACA T e c h n i c a l -  Uenlopa.ndurn No. 9 7 1  
d t" 
f o r  a n y  t w o  v a r i a b l e s  e a c h  o f  t ,  u ,  v ,  w; i . e . ,  
a n d  
?he s a x e  h o l d s  t r u e  i f  u i s  r e p l a c e d  by v o r  w. 
The i n t e g r a t i o n  p a t h  i s  n e x t  s o  chosen  t h a t  
i .  
sa 






., Qnm i n  e v e r y  one or" t h e  t h r e e  v a r i a b l e s  u, v ,  w, 
i s f i e s  Lame"s  e q u a t i o n  (15) a n d  i s  a c c o r d i n g l y  a t h i r d  
r e s e s t a t i o n  of t h e  p o t e n t i a l  f u n c t i o n  d e f i n e d  by (22) .  
p o i n t s  X = f l  i n  p l a n e  t a r e  g i v e a  by 
t = v +  w + u (x = -1); t = v + w - u ( X  = +1) (38) 
On t h e  e l l i p t i c  t i is4 ( p  = I ) ,  .V(u) = e l ;  i . e . ,  
The p o t e n t i a l  f u n c t i o n  *$11 is c i t e h  as .an  example.  
The sole Lstme' f u n c t i o n  o f  t h e  f i r s t  typa and f i r s t  d e g r e e  
equipped w i t h  t h e  f a c t o r  dp2 - 1 i s :  
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. 
A c c o r d i n g  t o  (22) a n d  (23), r e s p e c t i v e l y ,  t h e  p o t e n -  
t i a l  f u n c t i o n  t h e n  reads, r e s p e c t i v e l y :  
tJ1l ( p ,p ,  v , = f i ~ d c 7  
. .  
and  
L i f t  a n d  l i f t  mo2ents . -  The l i f t  i s  g i v e n  by 
3 a s e d  on t h e  o r t h o g o n a l i t y  .of L a m e " s  f u n c t i o n s ,  o n l y  
$ c o n t r i b u t e s  t o  t h e  t o t a l  l i f t  
1 ' .  
$'2 1 f u r n i s h e s  the p i t c h i n g  moment a b o u t  t h e  y a x i s  
-1 
$2 , t h e  r o l l i n g  n o n s n t  about  t h e  x axis 
L = -  c 2 v2 Fell 
15 2 (44) 
(The n e g a t i v e  i n d e x  r e f e r s  t o  t h e  odd f u n c t i o n s  i n  y . )  
The e l l i n t i c  wing i n  s , t , rnicrht  f l o w . -  Assume t h e  e l -  
l i p t i c  wing i n  a s t r e a m  i n  d i r e c t i o n  o f  t h e  p o s i t i v e  
a x i s  w i t h  v e l o c i t y  V.  X o w  e q u a t i o n  (1) e n a b l e s  t'he c a l -  
x 
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culation of +,he velocii,ies inducsd by the pressure poten- 
tial $ in space and especially on the lifting Surface. 
The z component of equation (1) reads in the stationary 
cas e 
Small quantities of higher order are disregarded, 
i.e., 
The z component w of the velocity vector w is 
hereafter called "aownwiishf1 for short. The downwash on 
the elliptic surface is obtained by integration of equa- 
tion of equation (46) for z = 0 and y <, c over x:  
X 
The calculation of the integral is readily secured by hav- 
ing recourse to tke representation (32) of the potential 
function Grim. After formulating rn by differentia- 
tion below the integral sign, equation (4'7) gives 
a.:, m 
0 2  
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which, when .inserted in equation ( 4 8 )  and followed by in- 
tegration over x, affords - since l i m  = o for 
x +  m -  
qn(X) is given 3y Xeumann's representation _-  
+l 
whence ( 5 0 )  be cones 
'1 I -- Wn* 1 -=- i x  v 2ni / 2 i x(t) - ? ( ; I  a s  dr(t)-e2 
S 
'<; c' a 
The integrand has poles at t = s, because X(t) - 
Y(s) = 0 and at t = uil + %u2, where . J Y ( t )  - e 2  has a 
simple zero place. The behavior of the denominator near 
the zero place is defined by Tagior expansion. It a f f o r d s  
I 
= - [t - (ul 4- i w z ) ]  .Je,;Tr;;T; + . * .  (54)  
J 
taking into accouqt equation (11, as well as 
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a c c o r d i n g  t o  e q u a t i o n  ( 5 2 ) .  Then t h e  i n t e g r a t i o n  o f  
s = v + w + u as fe r  as s = v + w:-u c o r r e s p o n d i n g  t o  
Y = -1 t o  Y = +1 ( e q u a t i o o  ( 3 8 N - g i v e s  
i t  i s  t o  
p a t h  can 
t o  i u!2 
-% u =  
t o  + 5, 
b e  n o t e d  t h a t  t h e  i n t e g r a n d  for p = 1, i . e . ,  
h a s  t h e  p e r i o d  21.11~~ s o  t h a t  t h e  i n t e g r a t i o n  
be s h i f t e d  u n t i l  s p r o c e e d s  from u)2 - 2 J l  
+ uJ1 ( f i g .  2 ) .  which  c o r r e s p o n d s  t o  E = - - Ti - 
when Jr?;;s-e, =  sin E , t h a t  i s ,  d s  
KT7 sin2 €1. Moreover ,  l e t  
b e c a u s e  o f  s o  t h a t ,  
v 
( 5 9 )  
i/e 3-e  3-e2 
a n d  , a c c o r d i n g  . .  t o  (33) : 
t h e  downwash f u n c t i o n  on t h e  e l l i p t i c  d i s k  becomes 
+IL 
2 . .  
-- P 
2 
The c o e f f i c i s n t s  o b t a i n e d  i n  $ k e  p o l y n o ? ~ i a I  o f  t 
and  
- 
and  q a r e  c o m p l e t e  e l l i p t i c  i n t z q r a l s  o f  t b e  f i r s t  
I 
s e c o n d  c a t e g o r i e s .  The calculatioa of  t h l e  downwash f u n c t i o n  
i n  t h e  c a s e  o f  n = 1 i s  e x p F e s s e 2  as: 
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E l ’ ( h )  = J r T *  M l l ( € )  = 1 
From (61) follows n +- 
3 
that is, 
0 . .  
T k e  iictinn sur fa .ce . -  The shape of the surface is 
givenby 
= Z ( X , Y )  
The slope of the surface in x direction must agree with 
the direction of the flow a t  the  same point, that is, 
from which follows, for z = z(x,y) 
x 
the lower integration limit being arbitrary; we equate i t  
to zero and add to t h e  value of the integral a n  arbitrary 
function in y: 
w(x,y)dx + g ( y >  (63a) 
- 0  
The liftinn line, the induced rlran. ana the suction< 
force.- d e  aerely refer t o  the corresponding chapters of .. 
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g i n n e r ' s  r e p o r t  ( r e f e r e n c e  21, where t h e s e  problems a r e  
t r e a t e d  i n  d e t a i l .  The r e s u l t s  a r e  r g a d i l y  a p p l i c a b l e  
t o  t h e  e l l i p t i c  d i s k .  The l i f t i n g  l i n e ,  by which t h e  
l i f t i n g d s u r f z c e  i s  assumed r e p l a c e d ,  . i s  o b t z i n e d  by c o r - .  
r e l a t i n g  t h e  l i f t  e l e m e n t s  t h r o u g h  i n t e g r a t i o n  p a r a l l e l  
t o  t h e  x a x i s :  
+XR +XR 
I t  a f f o r d s ,  for i n s t a n c e ,  
The n o t e n t i e l  f u n c t i o n  o f  t h e  second t ype . -  The f o r e -  
g o i n g  p o t e n t i a l  f u n c t i o n s  l e n d  the inse lves  i n  a n y  way t o  
l i n e a r  c o m b i n a t i o n  and  y i e l d  t h e  c o r r e s p o n d i n g  l i n e a r  com- 
b i n a t i o n s  f o r  l i f t ,  l i f t  moments, and  downwash w. The DO- 
t e n t i a l  f u n c t i o n s  d e a l t  w i t h  s 3  f a r  a f f o r d  t h e  ae rodynemic  
q u a n t i t i e s  of a c o r r e s p o n d i n g l y  c u r v e d  wi rg  3y s h o c k - f r e e  
e n t r y  of f l o w ,  t h a t  i s ,  a t  a c e r t a i n  a n g l e  o f  a t t a c k  where 
no f l o w  a r o u n d  t h e  Leadi.;?; edge O C Z U T S .  The a r b i t r a r y  
a n g l e  o f  s t t a c k  i s  o b t a i n e d  by s u p e r p o s i n g  a f l a t  e l l i p t i c  
d i s k  wi th  i t s  f l o w ,  where ,  as i s  known, t h e  l e a d i n g  edge 
i s  s u c t i o n  e d g e ,  t h a t  is, t h e  l i f t  d e n s i t y  a p p r o a c h e s  i n -  
f i n i t y .  A 1 1  t h e  p o t e n t i a l  f u n c t i o 2 s  o f  t h e  f i r s t  t y p e  
approach  z e r o ,  however ,  on t h e  d i s k  edge  with t h e  r o o t  
f r o m  the  edge d i s t a r c e ;  hence  t h e  t a s k  of f i n d i n g  po ten -  
t i a l  f u n c t i o n s  t h a t  h a v e  t h e s e  q u a l i t i e s .  They a r e  
a c h i e v e d  by a p p l y i n g  on t h e  p o t e n t i a l  f u c c t i o r z s  o f  t h e  
f i r s t  t y p e  a t  o o n s t a n t  x, y ,  z ,  a n d  y;2 t h e  f o l l o w i n g  
boundary t r a n s i t i o n  ( r e f e r e n c e  2): 
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m possess the quality These potential functFons 6, 
of becoming infinite on the whole border of the disk. 
Because of the condition of smooth efflux on the trailing 
edge, it later is necessary t o  combine the functions 
1 ine ar ly. 
The. dowawash function of the second type.- In con- 
formity with equation ( 6 5 )  , the downwash functions are 
1 d  
en- 1 dc 
obtzined by applying the operator --cn b equation 
- 
(61), while observing the interrelationship: 
-- 
2 
111 dealicg wi%h t h e  second fundamental problem, that 
is, in the calculation of a prescribed wing, potential 
functions are used, tne do-drv1es.h functions of which are 
independent 'of x on the disk, According to ( 4 6 ) .  this 
0, that implies, since - = aw 
ax  
m iiith coefficient bn still to be defined, we put 
n -m -m 
Qn(XtY,z) bn onm(x,y.Z) Q_,(X,Y,Z)= Cbn Qn (X,Y,d m -m 
(68) 
Correspondingly it is: 
(68a) m -m -mII 
wn(x,y) i s  designated as downwash function of the poten- 
wn = m C bn wnmxl w - ~ P - E  bn wn 




m .  The c o e f f i c i e n t s  bn are now s o  d e f i n e d  t h a t  wn 
i s  a f u r ; c t i o n  o f  17 o n l y .  ?he f i r s t  t e r m  i n  (69 )  a l r e a d y  
depends  on q o n l y ;  heuce  t h e  second t e rm i t s e l f ,  which 
u s u a l l y  depends  on d s o ,  must b e  a f u n c t i o n  of 9 o n l y .  
pn-l 'y) is a po lynomia l  i n  Y w i t h  t e r m s  o f  t h e  f o r m  
d Y  
n-2p 
yn-.'p = ; c o s  c + q s i n  €1 
h e n c e  is a sum of  t e rms  of t he  f o r m  
F o r  t h e  f o l l o w i n g  a r g u r e n t s  i t  i s  assumed t h a t  Mnm(E) 
i s  even i n  € ; s o  t h b t  a l l  t e rms  w i t h  odd powers o f  sin € 
TI But i f  a O i s a p p e a r  i n  t h e  i n t e g r a t i o n  from - 5T t o  +- 
2 2. 
i s  even ,  ( s i n  = 1 +'sum o f  c o s  t e r m s .  V:hen t h i s  i s  
w r i t t e n  i n  ('701, Yn-ap c o n s i s t s  of  t h e  f o l l o w i n g  sum- - 
mands :  
a n d  t h e  c o n d i t i o n  t h a t  
P u t t i n g  
( T = -  + r e s p e c t i v e l y  ( G  i s  a n  and  = 
( 7 2 )  ' i n t e g e r )  . .  - .  . , "  2 2 
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c a u s e s  a l l  t e r n s  c o D t a i n i n g  t h e  powers  of  c o s  E, f o e . ,  
p o v e r s  o f  e ,  t o  d i s a p p e a r .  The s o l e  n o n d i s a p 2 e a r i n g  sum- 
lnand o f  yn-'p I s  o b t a i n e d  when n - 2 .I = 0 ,  t h a t  i s ,  
when f i r s t  n i s  even  and, a 'ccording t o  ('71) n - 2p - a = 0 ;  
t h i s  t h e n  r e a d s ,  a c c o r d i n g  t o  (?0a), ; ~ ~ - ~ p  and depefids 
n o  l o n g e r  on E ,  s o  t h a t  i t  can  b e  put b e f o r e  t h e  i n t e g r a l .  
Combining t h e  summands b e f o r e  t h e  i n t e g r a l ,  which  now h a s  
t h e  s a n e  v a l u e  f o r  e v e r y  p ,  t h e r e  is o b t a i n e d  confo rmab ly  
i n  (69) f o r  t h e  i n t e g r a l  t o  d Pn- i (Y)  
d Y  e 
t' 
(The  i n t e g r a l  d i sap -oea r s  for odd n.) 
K n  -a(€) c o n t a i n s  t h e  f a c t o r  sin E ;  h e n c e  i t  i s  odd 
i n  E. C o n s i d e r a t i o n s  c o r r e s p o n d i n g  t o  t h e  f o r e g o i n g  t h e n  
g i v e  t h e  c o n d i t i o n  
= 0.7 I 
d E  
c o s  € 
-m Mn-m(E) AE ( c o s  E )  s i n  E -& bn n--2 q-1 
J r e s p e c t i v e l y  
The v a l u e  of t h e  i n t e g r a l  i n  (69 )  i s  o t h e r  t h a n  z e r o  
on1;T i f  n is odd.  Summed u p ,  i t  a T f o r d s ,  by a t t e n t i o n  
t o  s z r ( K )  = E ~ : + ~ ( I c )  = o ( e q u a t i o n  (16) ) :  
w h e r e by 
20 
bnm and bn'm satisfy equations (73) and ( 7 4 ) ,  re- 
spectively. They are D - 1 homogeneous equations for the 
0 unknown bn , and T - 1 equations for the 7 unknown 
bn'm, respectively, which csn be determined therefrom up 
to a common constant factor. The latter is s o  chosen that 
k2r+i  12r = - J1 - ~ 2 ;  i'2r = j ,r+l = 1 (75a) 
m 
whence 
Lift. lift moments. and the liftinp lines of the D 0- 
tential function of the second  type.- These quantities are 
1 d n  obtained by the application of tbe operator - - c 
to the corresponding quantities of the potential factor of 
the first type ( 4 2 ,  43, 44, 64). It is pointed out that, 
during the differentiation, the areal content of the 
ellipse Fell embodies the factor c2. Then, bear in 
mind that (equations ( 6 8 ) .  ( 7 5 ) ,  (75a)) 
cn-1 oc 
@ gives the lift A = 8 5 tT2 Fell ( 7 7 )  
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8 P  
3 2  Q - 2  
t h e  r o l l i n g  moment.  L = - c - v2 F e l l  
n 
and f o r  t h e  l i f t i n g  l i n e s  - 
(79) 
The second  fundamen ta l  p rob lem o f  a i r f o i l  t h e o r y . -  
T h i s  i n v o l v e s  t h e  c a l c u l a t i o n  of t h e  ae rodynamic  q u a n t i -  
t i e s  of  any  g i v e n  e l l i p t i c  wing by means of t h e  f o r e g o i n g  
p o t e n t i a l  f u n c t i o n s  of  t h e - f i r s t  and  second  types .  The 
boundary  c o n d i t i o n  t 'o b e  met i s  g i v e n  by 
X 
azo=wo, a x  v r .+x (62d 
I 
w h i c h ,  d i f f e r e n t i a t e d ,  l e a d s  t o  ( 4 6 ) :  
. .  
P o s t i n g  3 as a linear c o m b i n a t i o n  o f . p o t e a t i a 1  
f u n c t i o n s  of t h e  f i r s t  and second  t y p e s ,  l e e v e s  
l e a v e s  on t h e  d i s k  ( p  = 1) 
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where t h e n ,  however ,  
t h e n ,  because  of e q u a t i o n s  ( 4 6 1 ,  ( 8 l a ) .  'and (821, b a s e d  
upon t h e  o r t h o g o n a l i t y  o f  Lame"s  p r o d u c t ,  
T h i s  d e f i n e s  t h e  c o e f f i c i e n t s  a, o f  t h e  p o t e n t i a l  func -  
t i o n  of t h e  f i r s t  t ype .  Cn ex o n d i n g  z = z( 5 ,q )  i n  a 
s e r i e s  of  
compar ison  o f  c o e f f i c i e n t s  i n  a l l  t e r n s  a f f e c t e d  w i t h  pow-  
e r s  of  f i n  t h b  fa rm o f  a s c r e e n  method ( r e f e r e n c e  21. 
a n d  q ,  t h e  an ' Is a r e  6 e t e r m i n e d  by a 
F r o m  e q u a t i o n  (46) 
=! 
is now o n l y  a f u n c t i o n  of q. T h i s  r e s i d u a r y  c o n d i t i o n  
i s  complied w i t h  t h r o u g h  a s n i t a b l e  l i n e a r  c o m b i n a t i o n  of 
t h e  downward f u n c t i o n  o f  t h e  second  t y p e ,  wh ich  depends  
s o l e b o n  q .  -Th.e c o n d i t i o n  reads 
C Gn wn(n)  + c Dn w - r A ( ~ )  = w(q) n ( 8 5 )  n 
This e q u a t i o n  i s  i n t e g r a t e d  f r o m  q = 0 t o  q, and 
t h e n  - m u l t i p l i e d  bg  P a , ,  l(n.) a n d  P,y(n), r e s p e c t i v e l y  - 
i n t e g r a t e d  a g a i n  f r o m  q = -1 t o  +l, a n d  s o  y i e l d s  
th rough  t h e  i n t e r m e d i a r y  o f  t h e  i n t e r - r e f a t i o n s  
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-1 0 ' Y = 1,2,*.. 
The o u t f l o w  c o n d i t i o n . -  A 2 a r t  f rom t h e  compl i ance  of 
t h e  ec,uation sys t ems  (861 ,  t h e  c o e f f i c i e n t s  Cn a n d  Dn 
must  a l s o  s z t i s f y  t h e  o u t f l o w  c o n d i t i o n ,  t h a t  i s ,  t h e y  
must b e  s o  c h o s e n  t h a t  t h e  l i f t  d e n s i t y  d i s a p p e a r s  on t h e  
' t r a i l i n g  e0ge .  The p o t e n t i a l  f u o c t i o n  o f  t h 8  f i r s t  t y p e  
s a t i s f i e s  t h i s  c o n d i t i o n  w i t h o u t  t h a t ,  s i n c e  t h e y  d i s a p -  
p e a r  on t h e  whole  edge. The b e h a v i o r  o f  Onm on t h e  
boundary  is known w i t h  t h e  a p p l i c z t i o n  o f  t h e  d i f f e r e n t i a -  
t i o n  p r o c e s s  (65) t o  (41). 
(The  te rm ( ( d m ) ' )  d i s a p p e a r s  w i t h  t h e  r o o t  f rom t h e  
e d g e  d i s t a n c e . )  W e  p o s t ,  r e s p e c t i v e l y ,  
whence t h e  p o t e n t i a l  f u n c t i o n  o f  t h e  second  t y p e  becomes 
iGow t h e  f u n c % i o n s  Mn(cp) '  h a v e  o r t h o g o n a l i t y  p r o p e r -  
t i e s  s i m i l a r  t o  t h e  t r i g o n o m e t r i c  f u n c t i o n s ,  as may b e  
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proved by (73) and ( 7 4 )  if it is remembered that 
can be written in. the form , . .  
gn(T) 
It is 
[y gy(cp) l&(cpi  b y  d? = 0, if n - 'Y = & 2 , 1 4 , . . .  (89) 
*J- 
6 
Tne outflow condition reads, according t o  ( 8 8 ) :  
which, after multiplication by Eaa-r(V) A c3 and ~ J I - ~ Y ( V ) A ~  
respectively, and integratiqn f r o m  CP = 2 to a give 2 2 '  - 
C2a-1Iza-1,za-1 + ,gl C2r f2rr2a-1 = 0 a = 1,2*.. . (92a) , 




IY,6=/ Ti &y(p) A? dp (93) +- 
" 2  
Tne inyinite equation.systems ( 8 5 )  together with (92) 
then enable the determination of the coefficients of the 
potential functions S, and I), of the second type. 
These coefficients in conjunction with the previously com- 
puted coefficients anm of t h e  fuBctions of the first 
type make the prodiction of the aerodynamic quantities of 
the given wing possible, as vi11 be illustrated on a model 
case. 
- Bote.- The calcuiation is mzde on the assumption that 
the f l o w  strfkes the elliptic disk parallel' to the minor 
principzsl axis. %e length of t i le  princi a1 axis in y 
direction was a ,  - i n - . x  direction c/+. The calcula- 
tion is readily applicable to the case of elliptic wing 
in f l o w  parallel t o  the major prYncipal axis when K" is 
assumed negative, that is, supposing the aerodynamic cen- 
. ter on .the 9 axis. The donvereion formulas f o r  the el- 
liptic integrals with negative u 2  are: 





The i n t e g r a l s  a r e  as f a r  as t h e  f a c t o r  b e f o r e  t h e  
i n t e g r a l ,  t h e  same as for t h e  r e c i p r o c a l  a x e s  r a t i o .  
--- The f l a t  e l l i b t i c  d i s k  i n  s t r a l n h t  flowc.- L e t  t h e  
a n g l e  o f  a t t a c k  be  a,, t h a t  is, t h e  e l l i p t i c  area i s  
g i v e n  by 
z = -x t a n  a, = -x a. 
Then we h a v e ,  a c c o r d i n g  t o  (621, 
(94) 
e 
on t h e  disk. Accord ing  t o  (83)  t h e r e f o r e ,  t he ,  c o e f f i c i e n t s  
anm o f  t h e  p o t e n t i a l  f i l n c t i o a  of t h e  f i r s t  t y p e  a r e  a l l  
z e r o ;  t h o s e  o f  t h e  second t y p e  must be computed conform- 
a b l y  t o  (73, 74, '75a) ,  a s  e x e m p l i f i e d  h e r e  f o r  n = 3 and 
n = -3. 
For an a x i s  r a t i o  of 
4 
= 6.37 - ! Z d 2  
Fell n m  
u2 = 0 .96 ,  t h a t  i s ,  A = 
t h e  comple te  e l l i p t i c  i n t e g r a l  i s :  
TI 
= 3.01611; E ' = F  d €  
TT J* $1 - 0.96 s i n 2  E - 
r z  
3 s  J1 - 0.96 s i n ' €  z 1.05050 
.,lo 
I n  the c a s e  o f  n = 3 and € 1  =I 1; E 2  = lZ3 = 0 
. 
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C o n d i t i o m  ( 7 3 )  and (75a) t h e n  r e a d :  
, .  TT - * 
(1)  r' ( 0 . 9 6  s i n 2 € -  0 . 1 9 7 9 2 ; C E d €  
-v - 
( a )  n z  
.in 
b 3  
2 
+ b ,  /-. (0.96 s i n 2  E - 0.97008) A E d €  = 0 
, -  . c  
( 2 )  - 
- 4 / n = -  b, ("dl - ~ ~ ( 3 . 9 6  - 0 . 1 9 7 9 2 ) - b 3  d 1-~~(0.96 
-0.97008) 
b 3 ( ' )  = 0.3095 * whence (1) b 3 = 1 . 3 1 7 ,  
i .  e . ,  q3(v )  = 1.62'7 ~2 s i n 2  cp - 0.561 
For  n = 3 a r d  E l  = E 2  = E g  = 1, w e  f i n d  
ivig- ' (E)  = c o s  E s i c  C: 
$ q u a t i o n  (75a) r e a d s :  
TT n z +- B 
.1 =-L r s i n  E 'b, d e  = b ,  -1 I p s i n 2 E A c d c  -1 c o s  E s i n  C A E  
J0 2 1  c o s  E .L? 
L. 
t h a t  i s ,  
- 1  
b 3  = 2.654 
* '  Eence 
(v) = -2.654 -cos c? s i n  9, 4 / n  = - K  c o s  Cp (!) 
rn, &re d e t e r n i o a t i o n  o f  t h e  o t h e r  n e c e s s a r y  f u n c t i o n s  
p roceecb  iil sirnixar n a a n e r .  The i n t e g r a l s  ( 9 3 )  c a n  b e  corn- 
puted by means o f  t h e  f u n c t i o n s  gn(v), b e i r , g  e i t h e r  e l l i p -  
t i c  o r  reducible t o  e l e m e n t a r y .  The c o e f f i c i e n t s  I y i 6  of 
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(92) a r e  h e r e w i t h  known, C a l c u l a t i o n  of t h e  r i g h t  s i d e  
of ( 8 6 )  y i e l d s  
? o r  Y = 1,2, ... t h e  r i g h t  s i d e  o f  !86) i s  a lways  .' 
zero, whence no a s y m m e t r i c a l  p o t e n t i a l  f u n c t i o n s  o c c u r  i n  
y. I n  t h e  e f f e c t e d  c a l c u l a t i o n ,  t h e  s e r i e s  (81)  o f  t h e  
p o t e n t i a l  f u n c t i o n  was s topped  w i t h  n = , 4 ;  h e n c e  equa- 
t i o n s  (92) and ( 9 5 )  must be , t a k e n  f o r  a = l ;  2. I t  g i v e s  
2.101 C 1  + 1.5217 C2 + 0.527 C 4  = o ( a  = 
( 9 2 a ?  - 0.2410 C 2  + 0.5132 C3 + 0.9248 C 4  = 0 (a = 2) 
- 5 1 c 1  + 5 2 c 2  + - c ,  1 = ' T U o  2 ( a  = 1 )  
( a  = 2) j 
10 
15 3 
? (86) 2 - 1 . c  + 7 c,  = 0 1 
30 -- c,  
The d i r e c t  s o l u t i o n  g i v e s  
C1 = C.558 a d ,  C 2 =  -0.7785 ao, C, = -0 .342  ao,  C4 = - 0 , 0 1 3 5 ~ ~ '  
and t h e  l i f t ,  a c c o r d i n g  t o  (77)  , a t :  
x = 0.568 a 0 x 8 x Z V  P 2  F , 1 1 = 4 . 5 5  C& 5 v2 F e l l  
t h a t  i s ,  
'a - = 4.55  
d a0 
The moment a b o u t  t h e  y a x i s  i s , a c c o r d i a g  t o  ( 7 8 ) :  
i b i  = -0 ,7785 a. X 0 .9524X 
2 
e l l  = -1.98 a o C  h - K2 e lr2 3 2 
t h e  c e n t e r  of  p r e s s u r e  i s  a t  X = -0.435, t h a t  i s ,  
at 28.3 p e r c e n t  of t h e  nsximum wing chcrrd. 
C Y 5  - K 2  
I n c i d e n t a l  t o  t h e  c a l c u l a t i o n  of  t h e  i n d u c e d  drag,  i t  
i s  emphas ized  t h a t  t h e  l i f t  d i s t r i b u t i o n  o f  t h e  l i f t i n g  
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l i n e  does a o t  d i s a p p e a r  when a l l o w i n g  o n l y  f o r  an i n f k n i t e  
number o f  s e r i e s  t e rms  i n  (81) a t  t h e  wing  t i p s . ! f i g .  3) , 
a n &  hence must be i n c l u d e d  as a s u b s t i t u t e  l i f t  d i s t r i b u -  
t i o n .  I n  t h i s  c a s e  t h e  e l l i p t i c a l  i s  most s u i t a b l e ,  g iv -  
i n g  f o r  t h e  i n d u c e d  d r a g  t h e  well-known f o r n u l a  
F o r  t h e  a x e s  r a t i o  
dJ1 - IC2 = - K , ~  = 0.75 ,  A =  2 . 5 5  
2' 
t h e  p rocedure  is t h e  s i m e ,  t h e  q u a n t i t i e s  bn b e i n g  as- 
c e r t a i n e d  from ( 7 3 ,  74 ,  '75a). Th i s  a f f o r O s  t h e  f u c c t i o n s  
-n i\l (9) f o r  t h e  i n t e g r a l s  I Y l s ,  wherewi th  t h e  c o e f f i c i e n t s  
o f  ( 9 2 )  a r e  known. T3e solution g i v e s  
C 1 = 0.3741 a,, C2 = -0.6347 a b ,  C 3 = -0.2347 a,, 
C 4  = -0.0138 a. 
t h e  l i f t  be l i lg  
d C a  - e v2 F~~~ and  -- 2.99 
0 2  d a0 
A = 2.99 a 
t h e  p i t c h i n g  moment 
M = -1.597 a. c J - Z Z  v2 F e l l  2 
anC the  c e n t e r  o f  p r e s s u r e  a t  
X 
= -0.467 o r  2 6 . 7  p e r c e n t  o f  aaximum wing  c h o r d  
d1- K2 
$ o r  J3 = 2 IC2 3 6 3 A =  0.637 
i t  g i v e s  
C 1  = 0.124 ao, Cz =-0.5245 ad, C, = -0.066 a0 
c *  = -0 .011 Go 
t h a t  i s ,  
d c  " =  0.99 
d a, . 
. 
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The c e n t e r  of p r e s s u r e  is' s i t u a t e d  a t  
X = -0.584 = 20.8 p e r c e o t  o f  t h e  c h o r d  =&-TIc2. 
T o r  compar i son  t h e  v a l u e s  f o r  t h e  f l a t  c i r c u l a r  d i s k  
a r e  r e p e a t e d  ( r e f e r e n c e  2 )  : 
c - # Z =  1, K 2  = 0; ' A = 1.272, 22.3 = i.e2 
d a0 
c e n t e r  o f  p r e s s u r e :  ?I = -0,515, i . e . ,  a t  24.3 p e r c e n t  o f  
C 
cho rd .  
P i e  c a l c u l a t i o n  method u s e d  h e r e  p e r m i t s  even  a bound-  
a r y  t r a n s i t i o n  t o  the l i f t i n g  l i n e  (5' = - 'F = 0). 
I t  a f f o r d s ,  when fwo s e r i e s  t e r m a . a r e  t a k e n  i n t o  a c c o u n t ,  
d C a  
- = 2 n  c . p .  a t  28.8 p e r c e n t  of chord .  
a. 
The l a t t e r  r e s u l t  c o r r e s p o n d s  t o  an  e l l i p t i c  s p a n w i s e  
l a a d  d i s t r i b u t i o n  w i t h  a c e n t e r  o f  p r e s s u r e  a$ l/d c h o r d  
i n  eacn  e i r f o i l  s e c t i o n  ( c o g .  o f  a homogeneous s e m i e l l i p s e ) .  
J e v e l o p n e n t  o f  a l l  q u a n t i t i e s  a p p e a r i n s  i n  t h e  e q u a t i o n  
s y s t e m s  v i t h  r e s 2 e c t  t o  K' a f f o r d s  f o r  small  K ' :  
" =  d c  . 2 n  
63 1 + -  c! a0 
s 128 4 
\{ken - is ca lcu la - t ed  a c c o r d i n g  t o  l i n e a r  wing t h e o r y  
w h e r e ,  as i s  known, 
d a0 
t h e r e  a p p e a r s  a marked d i s c r e p a n c y  a t  small L'L w i t h  re- 
s p e c t  t o  t h e  v n l u e s  computed In a c c o r d  w i t h  t h e  t h e o r y  of 
t h e  l i f t i n g  s u r f a c e  ( f i g .  4 ) .  
01 t h e  o t h e r  >and ,  t h e  ag reemen t  w i t h  ' s l a fn ig ' s  r9- 
s u l t s  i s  good. ( S e e  r e f e r e n c e  6 . )  
F i g u r e  5 shows t h e  c e n t e r  of p r e s s u r e  p o s i t i o n  p l o t -  
t e d  a g a i n s t  a s p e c t  r a t i o .  
The e l l i p t i c  wing in yaw.- T h i s  problem can  b e  t r e a t e d  
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u n d e r  t h e  same as sumpt io r i s  as t h e  wing  in s t r a i g h t  f l o w .  
The s o - c a l l e d  a n g l e  o f  yaw $ i s  d e f i n e d  i n  f i g u r e  6. 
Z o w  t h e  s t r e a m l i n e s  a r e  s t r a i g h t s  i n  t he  plane 
z = 0 ,  d e f i n e d  by 
y = - ( x  - x 2 ) t a n  B + J ~ R  
= -x t a n  B + c o n s t  
(95) 
Fron e q u a t i o n  (1) 
2 v a w  a w  1 a?? ( V C O S  B + U )  - +  ( - V s i n B + v ) - + w - = - - -  
a x  3Y a e  p 5 2  
u n d e r  s i m p l i f y i n g  a s s u m p t i o n s ,  t h e r e  i s  found 
a M 
C3X d Y  d z  
v c o s  p _. - P s i n  Z = V ~  (96) 
3ut because  of (95) i t  becomes 
Zence e q c a t i o n  (96 )  c a n  be w r i t t e n  i n  t h e  form 
2 *$ c* 
d r  32 
c o s  = 11 - (9 = - x f a n  k3 + c o n s t )  ( 9 6 a )  
The dounwash f o l l o w s  f rom i n t e g r a t i o n  a l o n g  a s t r eam-  
l i n e  .aga in  assumed as a s t r a i g h t  l i n e  p a r a l l e l  t o  t h e  d i -  
r e c t i o n  of f l o w  
X 
“-05 
The p o t e n t i a l  f u n c t i o n  \Ir i s  a g q i n  assumed 8 s  a 
l ‘ i n e a r  c o m b i n a t i o n  of  t h e  g o t e n t f a 1  f u n c t i o n  9, , On, @ - n ,  
i n  t h e  f o r m  (81), whence t h e  sam,e .forumlas a r e  o b t a i n e d  
f o r  l i f t  a n d  moments. 
m 
The dowcwash f u n c t i , o n  is c o n i u t e d  on t h e  basis of  an 
o b l i a u e - a n g l e  sys t em of c o o r d i n a t e s  i n  t h e  xy p l a n e ,  
g i v e n  by t h e  e l l i p s e  cFiameter p a r a l l e l  t o  t h e  s t r e a m  d i r e c -  
t i o n  - axis - aad t h e  r e l a t e d  c o n j u g a t e  d i a m e t e r  - 
axis!’ P o s t i n g  
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, 
(98) 
c o s  $ cos  p - 
6 -  A $  
we h a v e  t h e  q u o t e d  d i a m e t e r s  g i v e n  by 
r e s p e c t i v e l y  (99) 
tan(cpg + q 
y = =  tan yB x and y = - m K-IF . 
On t h e  d i s k ,  i . e . ,  p = 1, i t  i s  a c c o r d i n g  t o  equa-  
t i o n s  ( 6 )  and (1 '7) :  
t h a t  i s ,  
I n  t h i s  i n s t a n c e  t h e  p o t e n t i a l  f u n c t i o n  $n con- 
f o r m a b l e  t o  (32) i s  u t i l i z e d .  Dur ing  the r e s p e c t i v e  d i f -  
f e r e n t i a t i o n s  and i n t e g r a t i o n s  a l o n g  a s t r e a m l i n e ,  t h e  
f a c t  t h a t  y = - x t a n  $ + c o n s t  s h o u l d  be b o r n e  i n  mind. 
'rie f i n d  t h a t  
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; posting a Q  (XI Ln (X) t h u s  can be e x p r e s s e d  a g a i n  by n 
a 2  d x  , 
d e z  - ellJe2 - e 3  d e ,  - e lde3  - e 2  
. vYw-w, 
, .  . 
The i n t e g r a n d  h a s  p o l e s  a t  t = s, where X ( t )  - Y ( s ) = O  
and a t  t = t B ,  where 
. J e z  - 4 J e z  - e 3  d e 3  - e,de,  - e 2  
i . e . ,  . .  
s Jr( t ,>  - e a  = i J F 3 ' s i n  9 ; */y( t , )  - e 3 -  - d e z 3 c o s  CP 8 
The denomina to r  a t  t h i s  point i s  as 
The res'iduurn a t  t = ti i s  t h e r e f o r e  
. 
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w i t h  a v iew t o  t h e  f a c t  t h a t ,  a c c o r C i n g  t o  (100) 
X 
% + cos  cp 'E = e c  " ( t p )  = s i n  cp 
C A - 7  
a n d  a c c o r d i n g  t o  e q u a t i o n  (33) 
For t h e  r e s iduum at  t = s, t h e  same h o l d s  t r u e  as 
i n  t h e  c a s e  o f  s t r a i g h t  f l o w .  I t  a f f o r d s :  
+2 
i A E  m /-h - P , ( ~ C O S E  + q  sin E )  
1 2  c o s  - &-KZ t a n @  s i n  c i M n  ( € 1  d €  2rr i 
(103) L E  3 
By r e p l a c i n g  t a n  P by t a n V 8  and p o s t i n g  t h e  
c o o r d i n a t e s  
v a l u e ' s  (102). a n d  (103) from (101) l e a d  t o  




For t h e  t e r m s  o f  Pn, c o n t a i n i n g  powers of  t , ,  t h e  
d e n o m i n a t o r  c o s (  E + g ) i n  th:e i n t e g r a l  ,disappears, af- 
f o r d i n g  c o m p l e t e  e l l i p t i c  i n t e g r a l s  of t h e  f i r s t  and  sec -  
ond t y p e s .  To c o z p u t e  t h e  o t h e r s ,  n u m e r a t o r  a n d  denomina- 
t o r  a r e  expanded w i t h  c o s ( €  - cpB)Aa  B ,  which ,  w i t h  
B 
c o s (  E + y,=) C O S ( €  - cpp) A a B  = c o s 2  B - A 2  j3 s i n 2  E 
g i v e s  
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The e x i s t e n t  i n t e g r a l s  a r e  r e d u c i b l e  t o  c o m p l e t e  e l l i p -  
t i c  i n t e g r a l s  o f  t h e  f i r s t  and  second  t y p e s  and. one i n t e g r a l  
o f  f o r m  I? - 
ac - s i n 2  E 
U a c o s 2  53 - A2 p s i z 2 €  AC 
0 
which ,  a s  a c o m p l e t e  e l l i p t i c  i n t e g r a l  o f  t h e  t h i r d  t y p e ,  
i s  r e d u c i b l e  t o  i n c o m p l e t e  f i r s t  a n d  s e c o n d  t y p e s  ( r e f e r -  
e n c e  7 ) .  
( l - l c 2 ) s i n  A B 
cos  p 
Il - 
d c  
cos2p-A2p s i n 2 €  A €  
-s i n 2 €  
The c a l c u l a t i o n  of t h e  downwash f u n c t i o n  f o r  t h e  po- 
E,'(A) = Jlc--ha 
t e n t i a l  f u n c t i o n  q11 i s  g i v e n  a s  a model example.  
M,l(E) = 1 
Pl(Y) = Y - 1  X x + l  x - 1  I n  e , ( x )  = 5 
Then, a c c o r d i n g  t o  (104a) : 
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'The evaluation of the integral gives 
The downwash functions of the potential functions of 
the seconS: type.- According t o  (68) 
whereby 
in the same manner. 
36 
On the  d.isk we have  -0, t h a t  i s ,  on a 
s t r e a m l i n e  (pp  = c o n s t )  t h e  dovnvash f u n c t i o n  i s  c o n s t a n t ;  
h e n c e  wn i s  a f u n c t i o n  of q g  o n l y ,  and  we a c c o r d i n g l y  
d 
dY 
= 0 i n  - P (Y). To f i n d  t h e  summand P u t  t ,  
\ .  . 
n n - 1  
2 r: I C  
we p u t  7' = - and  -, r e s p e c t i v e l y ,  whence 
B 
a7 - 2 3  [ s i n ! < + ?  n-zp n-2-r [ s i n '  ( c  + vp)] = [ s i n ( €  4- ?& 
.  s sin(^ + cp8)]n-27!1 + sum of c o s  t e r m s )  
F s c t o r  C O S ( E  + v s )  c a n  be  e x t r a c t e d  f r o m  t h e  sum, 
t h u s  becoming s h o r t e r  w i t h  r e s p e c t  t o  t h e  d e n o n i n a t o r .  ' The 
new sum, however ,  m u l t i p l i e d  by [ s i n ( €  + q ~ ~ ) ]  n-2: y i e l d s  
o n l y  terms which  e i t h e :  s a t l s f y  odd  i n  E o r  e l s e  c0nd.i- 
t i o n s  (73) ar.d ( 7 4 1 ,  r z s p e c t i v e l y ,  and  a c c o r d i n g l y  d i s a p p e a r .  
A p r o p o r t i o n  o t h c r  t h e z  z e r o  is a f f o r d e d  only by 
Csinic + 9 p ) i  X l ,  which  i s ,  however ,  no  l o n g e r  depend- 
e n t  on exponen t  p. I n  c o n s e q u e n c e ,  all qa"'2p b e f o r e  
t h e  i n t e g r a l  c a n  b e  combined confo rmab ly  t o  
- n-27 
d d - P~,~(Y) into - +? (n8), s i n c e  tf ie i n t e g r e l  f o r  
dY n- 1 as\ e 
e v e r y  p i s  the s a n e ;  i . e . ,  
cos E c o s  p E  + s i n  E s i n  
c o s 2  ? - A 2  9 s i n 2  f (E)* E " d  E -n X (107) 
Hence t h e  downwash f u n c t i o n s  f o r  t h e  wing  in yaw have 
t h e  f o l l o w i n g  forn 
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-. The second  f u n d a m e n t a l  p roblem f q r  t h e  c a s e  of t h e  
wing  i n  s i d e s l i p . -  The p r o c e d u r e  i s  t h e  same as in t h e  
c a s e  o f  t h e  wing i n  h o r i z o n t a l  flow, by p u t t i n g  
where  
(108a )  
a n d  .y.= -x t a n  @ + c o n s t ;  $ t o  b e  g i v e n  a g a i n  b y  
Equati 'ori  ( 9 6 a )  t h e n  g i v e s  3 
a n d  w i t h  i t  t h e  c o e f f i c i e n t s  of  t h e  p o t e n t i a l  f u n c t i o n s  o f  
- t h e  f i r s t  t y p e .  For  t h e  d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s  
of  t h e  f u n c t i o n s  of  t h e  second t y p e  we t a k e  ( 9 7 )  i n  t h e  
d x  
c o s  9 
-
i 
The r i g h t - h a n d  s i d e  i s  a f u n c t i o n  o f  o n l y  b e c a u s e  o f  
t h e  d e t e r m i n a t i o n  o f  t h e  anm f r o m  e q u a t i o n  ( 9 6 a ) .  The 
r e s t  of t h e  formula t h e n  r e a d s :  
qp 
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f 
and  % This equation is integrate4 from q p  = 0 to 
then - multiplied by P2a-l ('l$ a n p  P 2 y ( . q g )  - again 
from qb = -1 to +l. This affords 0.n' the basis of the 
orthogonality characteristics of the spherical functions 
-1 c' 
T;ie outfiow condifion.- The formulation of the outflow 
condition i s  prefaced by the following note. The downwash 
functions (1C7) on the wing in sideslip have the quality o f  
becoming infinite by q g  = &l like & - l ( q s )  and 
( q e )  , respectively. But qf3 = kl are marginal 
. - ._ % 
points of the elliptic disk in which parallels to the flow 
direction touch the ellipse (fig, 6). Accordingly, it is 
to be assumed that the so-called nvortex tails" in these 
points leave the disk parallel to the direction of the 
stream. Bence it is postulated that no flow around the 
trailing edgs occurs between the points q p  = fl. 14 
other w o r d s ;  
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T h i s  e q u a t i o n ,  m u l t i p l i e d  by 
-2a- M 1 A V and !442y(c?) Ahcr?, r e s p e c t i v e l y  
and  i n t e g r c t t e d  f r o m  3n + cpg t o  -+ $p g i v e s  t h e  f o l -  
2 
l o w i n g  sys t ems  o f  e q u a t i o n s :  
I .  
I ; .  
I ’  
a = 1 , 2 , . . .  I 
Y = 1,2, ... 
whereby 
I ( P I  - f ‘Ey(g) M8(d AY d v  ( 1 1 4 a )  
These t w o  e q u a t i o n s  ((113) and (114))  make i t  p o s s i b l e  
y ’ 6  JT ; -+G*fi 
t o  d e t e r m i n e  t h e  c o e f f i c i e n t s  C n  and Da. T o g e t h e r  w i t h  
t h e  p r e v i o u s l y  d e f i n e d  anm Is t h e  ae rodynamic  q u a n t i t i e s  
o f  a n  e l l i p t i c  w ing  i n  yaw can b e  computed. As t o  t h e  
e q u a t i o n  s y s t e m s  t h e m s e l v e s ,  t h e y  form a c o u p l i n g  o f  t h e  
s y s t e m s  (82)  a n d  ( 9 2 )  f o r  t h e  c a s e  o f  s t r a i g h t  f l o w ,  as is 
r e a d i l y  a p p a r e n t  f r o m  t h e  s i m i l a r i t y  o f  t h e  c o r r e s p o n d i n g  
c o e f f i c i e n t s  and which t h u s  a f f o r d s  a f i r s t  s i m p l e  mathe- 
m a t i c a l  check .  
%he f l a t  e l l i p t i c  wing i n  yaw.- The c a l c u l a t i o n s  a r e  
c a r r i e d  o u t  f o r  t h e  a x e s  r a t i o  
JTTs=& 
5 
and  t h e  a n g l e s  o f  yaw 
= 15’ a n d  B = 30’ 
Again o n l y  t h e  p o t e n t i a l  f u n c t i o n s  of t h e  second  t y p e  
c o n f o r m a b l e  t o  (108)  and (110) a r e  r e q u i r e d .  To s i n p l i f y  
t h e  voluminous  paperwork o n l y  t h e  f u n c t i o n s  up t o  t h e  de- 
g r e e  n = 3 a r e  t a k e n ,  i - e . ,  
40 
The f i v e  unknown c o e f f i c i e n t s  of t h e s e  p o t e n t i a l  f u n c -  
t i o n s  r e q u i r e  f i v e  e q ~ a t i o n s .  Two a r e  t a k e n  from t h e  con- 
d i t i o n  
( 1 1 3 a )  f o r  a = 1, and (113b)  f o r  Y = 1. For t h e  o t h e r  
t h r e e  t h e  o u t f l o w  c o n d i t i o n  ( e q u a t i o n  ( 1 1 4 ) )  w i t h  a = 1.2 
and Y = 1) i s  u s e d .  The b&(qj a r e  +,ho3e p r e v i o u s l y  de- 
f i n e d  i n  t h e  c a s e  o f  s t r a i g h t  flow. The i n t e g r a l s  
k w ( q B )  = - c o s  B t a n  a. 
V 
on t h e  d i s k ,  e q u a t i o n  
3n ob't8in now only t h e  l i m i t s  2 + v78 and  - 3- c p p d  ' Y , 8  2 
w h i l e  Iy y r ema in  unchanged on a c c o u n t  of t h e  p e r i o d i c i t y  
of  t h e  i n t e g r a n d .  The v a l u e s  o f  t h e  i n c o m p l e t e  e l l i ? t f c  
i n t e g r a l s  of t h e  f i r s t  and second t y p e s  n e c e s s a r y  f o y  the 
d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s  k n ( 6 ) ,  i n ( @ ) ,  e t c . ;  
were  t aken  from L e g e n d r e ' s  t a b l e s  ( r e f e r e n c e  8 )  
F o r  $ = 15' i t  a f f o r d s  
C 1  = 3.5204 a. 
C2 = -0.7'194 a0 D2 = 0.0144 a. 
c = -0.5343 a. D, = -0.0065 ab 
. .  i . e . ,  
A = 4.16 a,  5 V2 Fell 
i . e . ,  
M = -1.83 a o ' c  d1 - K2 e v2 Fell 2 
%ll L = 0,0384 a. c e V2 2 
For B = 30' i t  i s :  
C, - = 0.407 a. 
C, = -0,562 a. D, = 0.02'77 a, 
C, = -0.265 a0 C, = -0.0124 a. 
L = 0.0'74 a, c V2 Yell 
2 
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The new a d d i t i v e  moment L is p o s i t i v e  a c c o r d i n g  t o  
t h e  above  c a l c u l a t i o n s ,  which i s  synonymous w i t h  t h e  f a c t  
t h a t  t h e  l e a d i n g  w i n g  h a l f  r e c e i v e s  g r e a t e r  l i f t .  The 
c o o r d i n a t e s  o f  t h e  c e n t e r s  o f  p r e s s u r e  a r e :  
x = -0.440; - Y = 0.00925 ( p  = 6'02') ,6 = 15':. 
C C - 7  C 
(cp = 13'51')  
For compar ison  we r e p e a t  t h e  v a l u e s  o b t a i n e d  a t  B = 0' 
X B = 30': = -0,439: = 0.0227 
C J C - 2  C 
when t h e  e x p a n s i o n  i s  s t o p p e d  w i t h  n = 3. The b r a c k e t e d  
t e r m s  c o n t a i n  t h e  change  i n  p e r c e n t  v i t h  r ' espec t  t o  t h e  
q u a n t i t i e s  computed w i t h  t h e  f o n r  e x p a n s i o n  t e r m s ,  and from 
which  i n f e r e n c e s  c a n  be made r e g a r d i n g  t h e  c o n v e r g e n c e .  
C, = 0.563 uo (-0.9 p e r c e n t )  
C2 = -0.776 uo ( -0 .2 p r c e n t )  D2 = 0 
C, = -0.365 a, (+7.0 p e r c e n t )  D, = 0 
i . e * ,  
A = 4.50 a. f. Va Fell 
2 
X = - 0.438 (+0.7 p e r c e n t )  C e n t e r  o f  p r e s s u r e :  
c A / n  
The r e s u l t s  a r e  c o r r e l a t e d  in f i g u r e s  7 and 8. 
For  g r e a t  A a n  approx ima te  formu1.a f o r  t h e  r o l l i n g  
moment i n  r e l a t i o n  t o  a n g l e  of yaw B a n d  a x e s  r a t i o  
K t  = i s  a g a i n  e x p e d i e n t :  
15 
128 
-n a  K '  s i n  K' 2 s i n  B 2P 
n 243 
K' 1 +  -
(115)  
c o s  fJ 1 2 8  
The f o r m u l a  i n d i c a t e s  t h a t  t h e  moment on t r a n s i t i o n  
t o  t h e  l i f t i n g  l i n e  ( K 1  = 0 )  d i s a p p e a r s .  But i f  t h e  
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moment w i t h  t h e  h a l f  wing c h o r d  i n s t e a d  o f  h a l f  t h e  s p a n  
i s  made n o n d i m e n s i o n a l ,  t h u s  * o f d i n g  t h e  f a c t o r  IC' i n  
(115) t h e  moment c o e f f i c i e n t  become's' l o g a r i t h m i c a l l y  in -  
f i n i t e  on l i n i t i n g  t r a n s i t i o n .  I n  t h e  ex t r eme  c a s e  t h e  
l i f t  d e c r e a s e s  w i t h  c o s 2  p ,  f o r  t h e  r e e s o u  t h a t  t h e  
flow v e l o c i t y  i n  x d i r e c t i o n ,  i s  V 'COB c P .  
H o r n e r ' s  r e s u l t s  on w i n g s  o f  d i f f e r e n t  p l a n  fo rms  i n  
s i d e s l i p  a r e  i n  v c r y  c l o s e  acreernent  w i t h  t b e  v a l u e s  g i v e n  
h e r e .  The a s s u m p t i o n  t h a t  t h e  r o l l i n g  moment i s ,  a s i d e  
from t he  anc, le  o f  yaw, l a r g e l y  dopenden t  upon t h e  a s p e c t  
r a t i o  r a t h e r  t h a n  t h e  c h o r d  d i s t r i b u t i o n  a p p e a r s  t h e r e f o r e  
j u s t i f i e d .  J 
' &! 
T r a n s l a t i o u  by J.  V a n i e r ,  
N a t i o n a l  Adv i so ry  Committee 
f o r  A e r o n a u t i c s .  
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Ficrure 7 A plot tec!  agaisst angle of  yaw f3 cia 
f o r  aspec t  ratio =6.37 
Figure  a . 3  p l o t t e d  a p i x s t  a:lgle o f  yaw p 
. d a  
f o r  aspect r a t i o n  = 6.37, 
